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r, Using Oeffnition.-i,S .2 . 'we havo..
:I~ d (; . S;k dly . :" ; ;k[dl~,SYi:t;;::: : : :· :~::~ :::~V(;;- l " '"_) )J :.
"... . . ,'- ' . '
1n~re;o!e': "'. _ , :': _ k d.( )'.~:Sy,) d (y ,. xn ) kd{xn _l , Sy)d(Xn: l 'Xn) I
d( y;Sy) - d(~ . ~~)~ ~d (.J.n ~ l ;' SY ~ ~ d(y,x ) + d( y,x
n
) + d( Xn_1,sy)
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Defin it'ion 1. 5. 3 . T : X .. X is a aappi ng satisf ying
d ~Tlt,Ty) .(~ d.{I !·:: : ~: :~~~ ' : ' ~ k:~~l d'(y , Tl~
' : for- all' ·x.Tc X, ~.: /-' Y', . ' ..
. ' \' .
• W~ give t he fo ll owing theorell : .
....haY~ ; .-::d.iJl.i.'Jl2.; • .:d ~ ~).~·;{ . .:-.<:.~
. d(xo,Txo)d(xo .Txl)· C1(XloTxp ld(XI,Txl) ,
_ w • d ~~o,TJld,l.dlx l'Txo) .... .
d(xo .x tJd ("Jl:o,X2) • ~(JlI ,x l)d(xl,Jl2)
:" " ':, ,~_d.~ Xo ' ~ ~ ) ' • .d~x: ,x.!) .
. ;" ,~: : ~ (~~ ' X I I.~· · . ' . '.-:.
....,: ....
' .
'-"':-- :'.;'.:..,
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'-: ._-'"
·,- ,t:
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·. · d( t.. TzL.. ',
. ~ ( i; Tz) ~ : d{Z: TZ} .: ~ . ~Q~~:a~iC;.i~·~ . .
• • d (Tz ;;'2 ~ ) . ·
. . : ) , :' ,
• 'It~' Z 'Tz. 'then . ~ (T~ ' ~ ~9 ~ d'(Z ~TZ} : f; : ~; ~ ~ . : ' ~ ~~~ : ~~ ~ d (TZ ! T~ Z ) •
.~:., : .' ~,
. .To·'"; e :~ha~-: . ~ ·~:.i~· ~~iqu. ::· iet r ..~i.~~~~~.~ ' fi~'C~ . POi~r~.f r,'
·: YL:;nn:'d ;~, ~.~~;· (y;;~: [i~;i·~. : f': ;fl+:'T;i ,:: t:. ':' , ,
.:;:'.. -. :- ,~.:~·.:·~ :f(~j ~ §·i =5' :· :·~'i' ~ ~ ;-iFk'i·). ';·: '· ~:'·
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In: the firs t -sCc'ti,of\'of this chap t er we' l ook. a t genera li n t i o,ns of
th e Banach ' co n t rac t io~, princip le i n~Ol'ving " t h e in t ~oducti~n' :oi a non.
decreasd ng .fJ.l~'ctioll : ¢> :': R+... R+: -n:.iS' type of ; t~'~dition has bee.n' -
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r (B:) ." a (~ 2~{k) " 1.2111 (~» , ·
SUl) · • . ~t12~(k) ~ 1.2II·( k ) _1) ;
t( 2k) = · d ( 12~ (k ) ..1' lL: 2~(k) .1)'; '
':hell , : 5i n cc r. (.2k) .~ ' d2n {k ) " d(512n(k )' ,TI.2m(k)~ l)'
i,t .foi lOW" by ( 1') that
'\ , . " ' ." , ,.' , : " " . , .. ,'. .
.'<...· ·.~.~,2k? !. d 2n (k)' " H~2n(k ) ". 'd 2a (k ) _ i :" r?'~) ':' ~ ( 2k) , .' !~k » ); ,
.; : ~.nd henc e', i't: f~llovs 'by (2) , (7) arid '(1)
:':',.:.' .'; '
:' f!" ~ HO,O. c.t .cl:< t , '
r.:
l{t ) ' > t fcif 50~ ·t ) '0 • .
n:en·:, l{~'). ' ; :'t ,_ f~,f ~.~~.. t >.•.~ . f~~ .. n ~ I. ~ ~ .? ....:<
. Y",(t ) '*_', : ~ : : : ' il " , C.O~:t: ~d"~~,~1_0n.. ...._. ," ::)': ',
.,<-~ ~o~, ,· ;cirn~ , · t ,_.>_ .O; , _ .~~en ·"~J-;~.(~,~ '.~ .'~ '
"" \ ' , '1' , ' "
.b e 8 c6m.pi~te · ~~tr1 C:, spaCe'l nd " l ~~ ': s
's eU~pping:s 'of' - X: " suPPo~e; ~ ~ere"e~~$t s" . ·.. ·r. : · · 'UCh· t~t · - ~or' In · ' ;
. - , . ' . ' ' : ..- ' ~ '.; ..: .:. ' , ...
:,Y( r, d (S('l 'T(~~l ' : (d(,. ,) , d (~'S (~I ,'dT('ll ' d("s(X):: :~(Y'T('ll
~.-,-::",:',':. ''::':''''''~:'7;-::::;::-- .
' {Suffi'd ency) ~ "s~n~~ · ~ _"1$ nond~euaslnl. theri y i ,, ~' ~~dr~u;~~·"' ·· :"
:C iVen .~ . ln ( t ) }~; :. ·n·'s~·.· . ' .'.,' .'
Wher \ <l> sati~ fie s' the condi t ion: .f~r any t ) 0.
4>( t, t ."a "tt , il2 t ,t) . <! "where a t • il~ "=~. ' .
there~oT~ . • ( x2n) :,.jlll<\,.- I X 2n~~ ) ' b~ t h. '
'-:. ,-'"
, .
. conve ra:es to e,
The'refore {JC
n
}~ i s ',. .Cauchy 5tqu e:nce. and h~ce by b~~~.etenus ', : " .
the r e 1$ ,a·.· :t e: X ~uc~ that .lin ...,..~. ' ·We show t~at :t . 'is ...' co.,~~ : fb~d
. .

g (a ) ". II • . tle fi~e.such t.hat
~nd I (h (x) ') . - g(a) . • 8 • . Ther e f or e ,
There. exists ~e . a Ii X(S~essity)
The n h( g (x» . a
. h : X .. X by h(lt) · "Ii' f or a li x e x ,
', h (~ (x » ) . g.(h(x.:n for all .,x€. / and h co:~ute, ..wi~h g ~
• . Jungek ( 18] give~_the fo UowinC · theol'elI a~d ' corol iaty. whi ch ha s t h';
. "Banach con~r~ct.i~·.PTin~ ipl e:as a co~s~u;n~ c ,•.
-;!.
J
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"
~eor_ 2: 3. 1 ' - 'Let II ~ . COn~~l:~UOU~. ,upp~ng 0:( II c.o~~et;e· llet:ie. .spac~ · '~: · -l
, ' " > i
.: .... (X ;"d) i~to i/sei"f. ·' ':. '," . . ",",....:-. . .' . $
'rben..-. g~a' ~~',{~d p.oi nt i n X i'(and ~~.l;if ther~ _ '~~i~t~<~ '~' '(O;} ) .
. . , nd a" m'a~ping t"'>x"': X ~hich cOmniu~~s ..wiih ' g. an/'satishes',, ~ ~ (i:~:~i~x~;:::, ,::f~: :~'j::;~y;' ~Oi ~li',r <i. ,!n; ., g '" ,


J.<.j < . <~: .
rt':'
" " ,
l ,y E. lO,i] . and d(ex",l:r). t d(l.y) . ~f\ z,y c (*.11 ;
Theor em 2. 3.2 can be 'pioY~" under 'considerably wu).e r c:ollditio~5 .
. . . ' . __ J . o.
~,C:k r equired conti nuity 0: th e -.appinE "and -c:o.pact ness o f thespa:ce
"'hic:h are not ;'~~-i red in t h~' followln e th~OTi. . '. A. l sO_the ':t ric requir~d "
• by'Jtingck can ~e r ';pl acN b/a :(unc~ion " "~ · : ~ x· X :' R· · su ch t ha t :
. ' " .
~ F(~.y) ... .~. ,iff 7. . y • . We g i~e the :~o' llowing .
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Thus . T is :I cont? ction IIllppi nll with cont r ac tion co.nstan~ k, and IS .
suc h has :II uniq ue , ~1xed ~i~.t .
'; ,~~ .follO'ol i n &-.odl fi~ .versi~n. ,?f Th~~ ,1 . 1. i Ls.due-to' ~ing~ 1 3:~1 .
: Th~Te.. 3 . 1. 2 · . ::_:~t X' .'.~ :~. C~lIpl~t.e'· me·t~ic . spac~ and l et ~
: ' {Tn}· ' n -::,, :1.2: :' ~\ . ; ~~ . ~, ~eqU;enCe - Of c.on~ ra C-t;l ~:n ~'p~ ingS " i t~ th e -s-~~":..:
Li ps,chi t : k r< .1; -and wi.th .tixed poin h un (n = ..~
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~e fo l lowing ~the<. f'ell was 'ii~en by Nadh~ '£23) .
Theor ell} . 1. 6 Let (X,d) be a cOqJ~~t · -et ~ic . ,pace and Tn: X .. :X
be . ,equence ,of c~nt l'~ctive ••pping s ~ f X i nt o. it.se lf •. Suppose th e '
sequence ' {Tnf COTlVe l'g ~ s uniforml y t o: T, ~ cont raotdon ·marping . ~ f
X i nto i ts elf. Then .t li~ sequen c,~ rT
n
}" " ha~ uni 'que fi xed poi nt s
n-l , '. .
(Un' : _1 and th.~ sequenc!e ~Uri,I:"'1 . c~nver~es t o. u, a ~.~iqu l! , fi xed
po~nt o f T.
". Si~gtI' ~ ~~.i }~ s .g i:~e~ t h~ ;~ll~i~~ ttt~r~l. ;~l' . , ~OCI1 ;Y .
. , ~Jli: tr i.c. space . ..· . - -'.~ .' :,. ,. '., '.: ' .
L~t )~; d). : ..~, :•. i~;:ap )" " ~.?~act· ,sPace ; :and-"let ~ }:.
I:';':,:"':d':;::1';t:~~,t~'~~, ::;:~;ti~:;pf:i :;::::{L .'
Ii:: ~Ii 'the ' ~ e~u:~ce·' co~v~~g~" ,poi~t~'~ ~~··" ci. . , T~ i~~ \h~ ,~'s :,q~~n'~~ .
': ,~{f~ Xed, ·pbt,nu~ ~o~ver·g,~~· · .t o . ~~ :. , ~ , '; , ;: ' .; . ~ . ;. :.. , . ,. '
:;,,:t;:::IP:;,::~,:;~~, ~::};:~:~~:::'L;' (:?J~:h':;~::':h;~~' ' < " . . '.'
. '. foI 'lowing thcOl'n-S .for . N ps ·Wh! ch sat 'is fy·. ' t ondt t t~ s failn \0 ·:t li. \". : c,
~onS i~eN!d ' ~y ~n~an '[;01: (I;e flni~i~n 'l~ ';'~ ~» " :' . . '.:
. . ' , .. ' . . ' ", "
·>~·eo~i ;'3 . ;'::11. '"~~,~ ".:. ( ~~~ ~ ~ ~ be " ~'';~i: ; ;~!a~e' ~n~" ~~t :: T~ ,,"",~ .. .~ :: be'.• ,." '~..
, lIo3 p with f ix ed poJ.nt lin • tor n " 0-,1 . 2• . . • • and rer' (Tnl conve~ge . ~ :
.'•.:::f:';;:,,;;:.E:.I::dd,(::r~:o:: 'd:('i::; ) ,:o;~::::l~~ . , :;:'t~ ','.,.
, , ·: · .·~~r~>~ ~ : 9~":. Le·( (~ : d( be~· ~ : ~~~~.~I. sp~~'~ ;·: , ~;,~ \~j.;-';> '''' >::''~~ .~..~~ _ .'; ' ; ~ :~
,.,::::); :h:~ :r~;:;'V:~i:jt~; ~T:':~;:: .~. ':: ~';T~~ ::tcr , ;~?J,: -t ; /
,. .>': :: ' ~: .: t . ',~ ::;:~:' :'~~~:. ~ /-\ :. .~". :';.:',; ,,: \.; ', ,~~
': ' :' (--' > ':: : ~ :~ ,<. . /:: .~ . .~ ; ;'":~':'>;. .. ''-.'; .)~.'
...., .~ ' : ' ~ . 'r: '::>.: ': :.; .". "<...,:;,-" .•-.. : ~
",.'
, ;,.,.


·.·.:~ ;::~ ':~t~f,t}1'0~kB~; ~J:\
::.< - d(Tnx ,F (Tn)) ~ ",(d~lt. F.(T;,.l))d(~ .F.tTn))'." 8(d1,~'MF(!nJ ~ ) d (~ ~TI\J.~ ' ! ' ..
.. ~he~~ -·a(~(~.~ F -~·n ). ) ? ·. ~8..(~(·~~~~n» ) ) -:<>:· ' ~'\· > .; ~ : ..:: ,'.
se!~·r_~ · ' ; ~~.ti~l -t.t ~~~1"~:~e . gi~~./~e . f~.i ~~Win~ 1~fi~ itiOn ::
De~i'~-ftion-' 3. {, 'l' ; ~· _ .[;et : .' iX .d)~'-' :~e >a _ ~~fi<~~~e ; :a ~d" ~~~'·..n· :~ ~ (2~~-: .\ :.:~.
· ···.· · ·. .. :Sl:';:};ES7:;~t:.,S~~t\.~{:~'~'~ ..."'
" ,'. : ; ,::: .: . ~. .~ fO I. l O~~.~~ . theo1".e rn .i li ~U~ ,,~r Ray ,{2.~ ~ .~ " " ._. ' . ~" .,; . ', ' ,~ .
, ,;·' · ,~~{i]~~llij'J{;~fRi?{~~~;· ·. ~'·
' , . '.; ... ',".:.": :~'. . ":.•' ":.-. .:_~' -.'-:<
.;' ' . ".;' :2. ~ . :::. :. ..~ ' .- ~ .. ;.-:= -:: , ,-.. .. ..
..... . , ." '''' ' . .:, ,( .. . .:.' ' . : - ,
;~ .". ,:-,. C..:. .:'·> -' . '~'S:! " ', , ~:.. ,:. <~_.
~nd ...
k ~ '. '21;2 ,< I, "j~ .~ed 'not "b~ 'con~ln~~s .· Th'ls' :i ~ &i~~ in "t J:le fol lov'.
i ng ~heorem ' d~ ~O'~.Y l27l . ,~ ', ;-" ", " " " " •
LUF (T' »)) ·". F(T ';:, and" F(T ) , .. li. {F(T n.
. . , Jl , 0 " ., » " 0 " ~ •
For ' t he spe~hl 'ease t hi t for every btca:et: e , F (T , i ' ~ "{.- }
". " .., ." ." . '.,: . ',' " '", ""~ '" ' .".n. : . II
" " 0 , ~ are ~efi~d to be . a Ct) ,:,. k l , ·a~:. ' lJ(t ) • 1;2, such. t hat '
.- ." '.
to To .' and if . subsequence ' { un~~ ' of {un} convefllU to a poillt
t ( Xi · t hen' 1 ~, ~~'. ' ,.- - ,



. . ";; . ,. .
, ":~ .
i .e. d.(TX,'Ty) ~, .li ",·tn
.' . ', '17
· ; " ~. "s i n~~,,-k~;1 : ~ · t ~:.< i : fo~. each· _ _ "
f '~.d , hll~CII .t:• .sati ~·f;~S befiniii~n· '1 . 5 .1 ;:< ".
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